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Abstract. We compute the tree-level bispectrum of dark matter in the presence of massive
neutrinos in the mildly non-linear regime in the context of the effective field theory of large-
scale structure (EFTofLSS). For neutrinos, whose typical free streaming wavenumber (kfs) is
longer than the non-linear scale (kNL), we solve a Boltzmann equation coupled to the effective
fluid equation for dark matter. We solve perturbatively the coupled system by expanding in
powers of the neutrino density fraction (fν) and the ratio of the wavenumber of interest over
the non-linear scale (k/kNL) and add suitable counterterms to remove the dependence from
short distance physics. For equilateral configurations, we find that the total-matter tree-level
bispectrum is approximately 16fν times the dark matter one on short scales (k > kfs). The
largest contribution stems from the back-reaction of massive neutrinos on the dark matter
growth factor. On large scales (k < kfs) the contribution of neutrinos to the bispectrum is
smaller by up to two orders of magnitude.
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1 Introduction
The standard model of cosmology predicts the formation and statistical distribution of large-
scale structure (LSS) through gravitational amplification of density perturbations; it describes
the universe as a spatially flat ΛCDM cosmology. The cosmic microwave background (cmb)
has been measured with great precision and significantly increased our understanding of
the primordial universe. In the next few years we are going to explore all the remaining
information within reach. The next leading source of cosmological information will probably
be the upcoming LSS surveys such as Euclid1 and the ground-based Large Scale Synoptic
Telescope (lsst2). The three-dimensional structure of LSS will provide us with a lot of
information about the cosmological standard model, in particular, in comparison to the two-
dimensional nature of the cmb. The amount of data one can extract from the cosmological
surveys scales as the cube of the number of modes, the largest reliably observable wavenumber
kmax. Therefore, it is essential to have an accurate analytic prediction of LSS formation at
the smallest scales possible.
The effective field theory of large-scale structure (EFTofLSS), initially proposed in [1–3],
has been introduced to augment the predictive power for studying LSS in the mildly non-linear
regime. It provides an accurate perturbative framework to describe the statistical distribution
of the cosmological LSS of the universe at long distances. The basic idea of the EFTofLSS
approach is to include additional terms in the equation of motions for long wavelengths in
order to account for the effect of short distance physics at those wavelengths. The equations of
motion for dark matter are solved perturbatively in an expansion in powers of the wavenumber
of interest over the non-linear scale, k/kNL. In theory, the EFTofLSS is arbitrarily accurate
1http://sci.esa.int/euclid/
2http://www.lsst.org
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when going to very high perturbative order. Including counterterms, that systematically
account for the uncontrollable non-linear short distance physics, is crucial for describing the
dynamics of the system. The perturbative treatment of neutrinos is particularly complex
if done in a way such that theoretical errors are under control, it is therefore important to
be aware of the former development of the EFTofLSS where some of the ideas, that are
needed in the context of neutrinos, first appear. So far, in the context of the EFTofLSS
the following calculations and comparisons with simulations have been performed: the dark-
matter power spectrum computations at one- and two-loop orders as well as the comparison
with simulations have been presented in [2, 4–12]. Further theoretical work, especially the
thorough understanding of renormalization [2, 13, 14] (including more subtle components
such as lattice-running [2]), a procedure to obtain the numerical value of the counterterms
through simulations [2, 15], the discussion and understanding of non-locality in time [4, 6, 16]
such as dealing with subtleties of the velocity field [4, 17] have been presented. The IR-
resummed EFTofLSS has been introduced in [18–21] to correctly describe the baryon acoustic
oscillation (BAO) peak which requires an IR-resummation of the long displacement fields.
Baryons and baryonic effects including comparisons with simulations have been presented in
[22]. For higher order n-point functions the dark-matter bispectrum has been computed at
one-loop in [23, 24] (including a comparison with simulations), the trispectrum at one-loop
in [25] and the dark matter displacement field in [26] which again included a comparison
with simulations. These developments permitted a deeper understanding of the dark matter
dynamics leading to the computation of the first observable (lensing) in [27]. To further
increase the predictive power of the EFTofLSS, biased tracers have been studied in [16, 28–
32] (see also [33]). [18, 29] extend these studies to the halo power spectrum and bispectrum
including all cross correlations with the dark matter field. Initially, redshift space distortions
for dark matter were developed in [18, 34] and subsequently applied to biased tracers in
[31]. Furthermore, the EFTofLSS framework has been extended to dark energy [12, 35–37]
and non-gaussianities [29, 34, 38–41]. Comparisons between the EFTofLSS approach and
simulations have been very promising since it was possible to go to greater k than with the
formerly available analytic techniques. Hence, the EFTofLSS should be applied to survey
data in future work for precise data analysis.
In the last decades, neutrino oscillation experiments have provided conclusive evidence
that neutrinos have non-zero masses (for a review, see [42]). As the universe expands, neu-
trinos slow down and become non-relativistic at late times due to their non-vanishing mass,
and start clustering. This affects the dynamics of dark matter clustering. In order to increase
the accuracy of the predictions, the effect of massive neutrinos has to be included into the
analytic description of dark matter clustering. Although their effect is highly suppressed on
large scales and relatively small on short scales due to their small contribution to the total
energy density (about 1%), it is expected that the upcoming LSS surveys will be sensitive
enough to measure their absolute masses [43, 44]. Such a measurement would be a remarkable
achievement for the field of cosmology because it would represent the second example where
a coefficient of the Lagrangian of the standard model is measured directly from cosmology
(the first example being the cosmological constant).
Previously, the EFTofLSS has been extended to massive neutrinos by computing the
one-loop power spectrum in [45]. We further develop the analytic treatment of dark matter
clustering in the presence of massive neutrinos by computing the leading order three-point
correlation function, the tree-level bispectrum in Fourier space. In this paper we use a dif-
ferent approach than in the literature by involving only controlled approximations. These
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approximations are proportional to a small parameter and the subleading corrections can,
at least in principle, be computed in order to reach the required accuracy. The dynamics
of dark matter clustering are affected by massive neutrinos through the gravitational force.
Therefore, we set up a coupled system of equations and solve it perturbatively. First, we
construct the collisionless neutrino Boltzmann equation from the phase space evolution of
the number density of neutrinos. Second, we assume collisionless cold dark matter (CDM)
particles in the Newtonian limit and smooth out the short scale physics (k−1NL ∼ 10Mpc).
This yields a fluid-like coupled system of equations for dark matter at long distances. The
evolution equations of the effective dark matter fluid include an effective stress tensor τµν
which is sourced by short modes and accounts for the short distance non-linearities.
We solve this coupled set of equations perturbatively by expanding in the smallness
of their relative energy density fν and in the ratio of the wavenumber of interest over the
wavenumber associated to the non-linear scale k/kNL. The non-linear scale is defined as
the breakdown point for perturbation theory. The neutrino Boltzmann equation is solved
at linear level in fν . Solving it at non-linear order leads to products of gravitational fields
evaluated at the same location that are sensitive to unknown short-distance non-linearities.
When perturbatively solving the Boltzmann equation, we split the neutrino population into
fast and slow neutrinos based on their different expansion parameters. Fast neutrinos have
a free streaming wavenumber smaller than the non-linear scale, kfs . kNL, for which each
interaction corresponds to a small correction. However, as explained in [45], one should
use the renormalized expressions for the product of the gravitational fields that appear in
the perturbative solutions, as they are sensitive to non-linear physics. This ensures the
correct perturbative expansion for fast neutrinos at long wavelengths. On the contrary, slow
neutrinos have a free streaming wavenumber larger than the non-linear scale, kfs & kNL. When
considering interactions with gravitational fields with wavenumbers shorter than the non-
linear scale, the expansion parameter is larger than order one and the perturbative solution
does not hold anymore. However, as argued in [45], for slow-neutrino perturbations with
wavenumbers longer than the non-linear scale, one can consider slow neutrinos as an effective
fluid, and, therefore, the effect of short distance physics can be corrected by the inclusion
of a speed-of-sound like counterterm (cs). In our tree-level calculations no counterterms are
required as no UV sensitive terms arise when performing the integrals, contrary to the case
of the one-loop power spectrum computed in [45]. For the one-loop bispectrum, counterterms
will be necessary beyond those ones that are present in the stress tensor and that renormalize
the dark matter only bispectrum [23, 46]. The new counterterms at one-loop level will be
similar to the ones appearing in the one-loop power spectrum for neutrinos calculated in [45].
Briefly summarized, our computation of the tree-level total-matter bispectrum yields
that the contribution of neutrinos, for k & kfs, scales as 16fν times the dark matter tree-level
bispectrum. As we explain, the enhancement with respect to fν stems mainly from modifying
the Poisson equation at linear level due to the presence of massive neutrinos. In fact, dark
matter grows in the presence of massive neutrinos, at distances shorter than kfs, with a frac-
tion of non-relativistic matter that does not cluster. Hence, the exponent of the growth factor
is corrected by a factor proportional to fν . This correction builds up with time, and leads
to an enhancement from matter-radiation equality until present time of: ∼ 12 log aeqa0 ∼ 4. It
accounts for approximately 90% of the final result3. For wavenumbers lower than the free
3We warn the reader that this enhancement due to the logarithms is quantitatively not very large: ∼ 4.
This means that this effect can be overcast by the diagrams that do not receive this contribution, which are
in general numerous.
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streaming length, k . kfs, the contribution is suppressed by up to two orders of magnitude
because neutrino perturbations (δν) behave as CDM perturbations (δdm) on very large scales.
Notice that the suppression is only of order one for the one-loop power spectrum on large
scales [45], because the diagrams are affected by the difference of dark matter and neutrino
overdensities even at wavenumbers higher than the free streaming scale, where it is non-zero.
Comparison with former literature: Until now, two main approaches have been used
to quantify the effect of massive neutrinos on LSS. With increasing accuracy in describing
the specificities of neutrinos, they have been included in numerical simulations in [47–53].
In theoretical models, partly using perturbative models, such as [50, 54–64] neutrinos have
been included with varying levels of accuracy. In [65] a combination of both methods has
been used by numerically solving for dark matter and analytically modeling neutrinos. In the
theoretical context, a relevant paper is [55]. They solve the linearized collisionless Boltzmann
equation yielding linear-order neutrino perturbations when computing the non-linear power
spectrum in the presence of massive neutrinos. Their linear predictions for the neutrino
perturbations are obtained using a Boltzmann code. These perturbations act as a source for
CDM and the authors limit themselves to include only the non-linear corrections to the CDM
component. Although [55] estimates the systematic error stemming from the linear neutrino
approximation, in the context of the power spectrum, to be small, they state that solving the
full collisionless Boltzmann equation would be the accurate solution. In comparison to all
former approaches the novelty of the EFTofLSS approach used in the present paper (discussed
in Sec. 2) is, that the full collisionless Boltzmann equation is solved and at the same time
suitable counterterms are added that accurately describe the effect of short distance non-
linearities on neutrinos both in the Boltzmann equation and in the rest of the fluid equations.
An analytical treatment of the tree-level bispectrum in a cosmology with massive neu-
trinos has been presented in [63] and [64]. [63] presents a test of the two-fluid and linear
neutrino approximation for the leading order three-point correlation function. They show
that the two-fluid model fails to recover the leading order bispectrum for the whole neutrino
mass range. Moreover, the linear neutrino perturbation approximation, obtained from solving
the linearized Boltzmann equation, fails to recover the large scale bispectrum when going to
larger neutrino masses, mν . As the neutrino perturbations behave as CDM perturbations on
very large scales, a lack of power for small k in the bispectrum, as a result of the non-linear
evolution of all matter components, is observed. Moreover, they test, in their own words, an
ad-hoc hybrid approach, whose derivation is not justified, which uses the Green’s function
of a Boltzmann equation and the non-linear vertices of a two-fluid system which was able
to approximate their leading order bispectrum for the entire neutrino mass range. They use
the tree-level total-matter bispectrum (CDM + massive neutrino cosmology) obtained from
solving in the SPT framework the non-linear Gilbert’s equation as a benchmark where they
find that the neutrino contribution scales, for k & kfs, as ∼ 13fν times the dark matter
tree-level bispectrum. Since our calculation is at tree-level and no high wavenumbers arise in
the present calculation, none of the counterterms introduced by the EFTofLSS formalism are
actually necessary, and our approach reduces to the one of [63]. They only analyze the equilat-
eral configuration and our results for the neutrino contribution to the total-matter tree-level
bispectrum differ quantitatively by 18% in this limit. Although our numerical results differ,
we are confident with our calculation since we performed several powerful checks (discussed
in Sec. 4), gave a deep physical explanation and carefully discuss the shape dependence of
the bispectrum.
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[64] uses the approach that CDM behaves as an effective fluid and take their pertur-
bation’s linear k-dependence into account. As in [55], they approximate the neutrinos as
linear, and include only the dark matter non-linearities. They also make a rough approx-
imation to estimate the size of the neglected corrections from including the non-linearities
in the neutrinos (in our paper, we compute this correction, and find that it is roughly 10%
instead of the estimated 1%). They obtain for their perturbative approach that the contribu-
tion of neutrinos, for k & kfs, scales as ∼ 13.5fν times the dark matter tree-level bispectrum
for equilateral configurations. This result for the neutrino contribution to the total-matter
tree-level bispectrum deviates by 15% from our computation for the equilateral configuration.
Their analysis of the shape dependence of the tree-level bispectrum yields, in agreement with
our result, that the neutrino contribution to the total matter bispectrum is the same in the
equilateral and flat configurations. However, the difference between our results is much larger
for the squeezed configuration as they observe a steep enhanced suppression, which is not
observed by [66] and us, which will be discussed in more depth in Sec. 5. More in detail,
what in the present paper, in the context of the bispectrum, we will determine and identify
as log-enhanced diagrams, and show to give the largest contribution (∼ 90% of the total
neutrino contribution), are the ones that are computed in [64]4.
More recently, [66] presented measurements of the bispectrum from N-body simulations
that include massive neutrinos as particles. However, as in [55] and [50], [66] does not solve the
full Boltzmann equation for neutrinos but assumes neutrinos to contribute at linear level in
the perturbative calculation and CDM density perturbations to contribute up to the one-loop
level but do not include the EFTofLSS counterterms. This is not parametrically accurate,
but, at least for the leading order bispectrum, offers a numerically good approximation. They
analyze the shape dependence of the tree-level bispectrum: for equilateral configurations
our results for the neutrino contribution differ by 11%. For the squeezed configurations the
difference is slightly larger and is approximately 15% for the neutrino contribution to the
total matter bispectrum. We will further comment on the squeezed limit in Sec. 5.
The two-fluid approaches and solutions to the linearized Boltzmann equation are not
arbitrarily accurate descriptions of the physics of massive neutrinos at short distances but
capture some of their main aspects up to a certain level of accuracy. The same discussion as
in footnote 4 applies for the quantitative difference between [66] and our final result for the
neutrino’s contribution and, hence, it is important to have an arbitrarily accurate formalism
(rather than a quite accurate one where the errors are not under exact control), that allows
us to safely compute correlation functions of neutrinos. This is what we will do in this pa-
per by solving the full collisionless Boltzmann equation and analyzing the various kinematic
configurations. It would be interesting to perform a more detailed quantitative comparison
with the aforementioned approximate techniques previously introduced in the literature, but
we leave this to future work.
The structure of the paper is as follows: in Sec. 2 we review the EFTofLSS extended to
4For equilateral configurations, when restricted to this subset of diagrams, our results disagree quantita-
tively, with the ones of [64] by approximately 10%. The log-enhanced diagrams account for approximately 90%
of our total neutrino contribution. Hence, their final result, i.e. the computation of the neutrino contribution
∆Bfν/Bfν=0, deviates by 15% in the equilateral and much more in the squeezed limit (which will be discussed
in Sec. 5) from our final result. Notice that the suppression of the non-log-enhanced diagrams is not a simple
parametric suppression, as its quantitative value depends on the number of legs of the correlation function
and the order at which it is computed. In fact, they become more important during calculations with a higher
number of legs or loops, as explained in [45].
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massive neutrinos by constructing the neutrino Boltzmann equation and the fluid-like dark
matter equations. We compute the tree-level dark matter bispectrum in Sec. 3. We discuss
the results and the shape dependence of the tree-level bispectrum in one and two dimensions
in Sec. 4. We conclude and summarize the paper in Sec. 5. We derive the dark matter
growth factor in the presence of massive neutrinos in App. B.
2 The EFTofLSS extended to Massive Neutrinos
We will review the system of coupled equations to describe the effect of massive neutrinos
through the gravitational force on dark matter derived in [45]. These equations can be solved
to arbitrary accuracy in the EFTofLSS framework by going to sufficiently high perturbative
order in the expansion parameters5.
2.1 Collisionless Neutrino Boltzmann Equation
The collisionless Boltzmann equation could in principle be used to describe the evolution of
neutrinos if we knew the physics down to the smallest astrophysical scales. In the LSS context,
we are interested in length scales much smaller than the horizon where massive neutrinos are
already non-relativistic and start to cluster. We use comoving coordinates and define the
comoving momentum ~q = am d~x/dτ with τ the conformal time, a(τ) the scale factor and m
the mass. The comoving velocity is ~v = ~q/m = a d~x/dτ . The neutrino Boltzmann equation
is given by (see for example [65, 67]):
∂f(~x,~v, τ)
dτ
+
vi
a
∂f(~x,~v, τ)
∂xi
− a ∂Φ
∂xi
∂f(~x,~v, τ)
∂vi
= 0 , (2.1)
where Φ is the gravitational potential and f(~x,~v, τ) the number density of neutrinos in phase
space with ~x being the coordinate position. As we solve our equations at late enough times,
the relativistic corrections to equation (2.1) are negligible. The mass density of massive
neutrinos relative to the total matter density is defined as
fν ≡ ρ
(0)
ν
ρ
(0)
dm + ρ
(0)
ν
=
Ων
Ωm
(2.2)
and stays constant once the neutrinos have become non-relativistic.
The effective fluid-like approach for dark matter holds for distances longer than the non-
linear scale. It is easy to include the effect of neutrino overdensities by modifying the Poisson
equation. We therefore obtain the following set of equations [1, 2, 5, 45]:
∂2
a2
Φ =
3
2
H20
a30
a3
(Ωdm,0δdm + Ων,0δν) ' 3
2
H20
a30
a3
ΩNR,0 (δdm + fν (δν − δdm)) , (2.3a)
1
a
∂δdm
∂τ
+
1
aρ
(0)
dm
∂ipi
i
dm = 0 , (2.3b)
1
a
∂piidm
∂τ
+ 4Hpiidm +
1
a
∂j
(
piidmpi
j
dm
ρ
(0)
dm(1 + δdm)
)
+
1
a
ρ
(0)
dm(1 + δdm)∂
iΦ = −1
a
∂jτ
ij , (2.3c)
where ΩNR = (ρ
(0)
dm(t0) + ρ
(0)
ν (t0))/ρtot(t0) is the energy fraction in non-relativistic matter
at present time a0. piidm is the dark matter momentum and τ
ij is the effective stress tensor
5We mean this in the sense of an asymptotic series.
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for dark matter which is sourced by the short modes [1, 2]. The stress tensor depends on
some time dependent kernel function K1(τ, τ ′), the tidal tensor of gravity ∂i∂jΦ, the gradient
of velocites, and the location of the fluid element xfl(~x, τ, τ ′). It incorporates the effect of
uncontrolled short distance non-linearities in the perturbative solution for dark matter at
long distances. Schematically, the effective stress tensor is given at linear order by [5]:
τ ij =
∫ τ
dτ ′ {K1(τ, τ ′)δdm(xfl(~x, τ, τ ′), τ ′) + . . . } , (2.4)
where . . . stands for higher order terms. The location of the fluid element ~xfl is iteratively
defined as a function of the dark matter velocity
~xfl(~x, t, t
′) = ~x−
∫ τ(t)
τ(t′)
dτ ′′~vdm(τ ′′, xfl(~x, τ, τ ′′)) , (2.5)
where the dark matter velocity is given by ~vdm = d~x/dτ which is not a comoving velocity as
previously defined for neutrinos. The effective stress tensor is sufficient to correctly include
the effect of uncontrolled short distance non-linearities on the perturbative solution for dark
matter in a universe only containing dark matter. The extension to a universe with baryons
was done in [68], showing that stellar and galactic dynamics can be correctly parametrized in
the EFTofLSS framework.
In order to compute the leading order three-point correlation function in a universe with
dark matter and neutrinos, we have to define the dark matter and neutrino observables of
which we will take the expectation values6. The energy density of the system is given by the
sum of the energy densities of dark matter and neutrinos ρ(~x, t) = ρdm(~x, t) + ρν(~x, t). Thus,
the overdensities induced by dark matter and neutrinos are given by
δ = (1− fν)δdm + fνδν = δdm + fνδdiff , (2.6)
with δdiff = δν−δdm. The energy density of neutrinos is given by ρν(~x, t) = ρ(0)ν (t)
∫
d3vf(~v, ~x, t)
with the neutrino distribution, f(~v, ~x, t), normalized to unity. We define the overdensity field
as δ = ρ/ρ(0) − 1.
For the computation of the tree-level bispectrum, we compute the expectation value of
three density fields to leading order7 in fν which is given by:
〈δ(~k1, a)δ(~k2, a)δ(~k3, a)〉 = (2.7)
= (2pi)3δ
(3)
D (
~k1 + ~k2 + ~k3)B(k1, k2, k3, a)
= 〈δdm(~k1, a)δdm(~k2, a)δdm(~k3, a)〉+ 3fν〈δdiff(~k1, a)δdm(~k2, a)δdm(~k3, a)〉+O(f2ν )
= (2pi)3δ
(3)
D (
~k1 + ~k2 + ~k3) (Bdm,dm,dm(k1, k2, k3, a) + fν {Bdiff,dm,dm(k1, k2, k3, a)
+Bdm,diff,dm(k1, k2, k3, a) +Bdm,dm,diff(k1, k2, k3, a)}) +O(f2ν )
As usually we go to k-space and solve the Boltzmann equation perturbatively in powers of fν
and k/kNL. To perturbatively solve the Boltzmann equation, we need the Fourier transforms
6The following procedure can be applied to any N-point correlation function computation. Here, we focus
on the tree-level bispectrum case.
7With the current accuracy and sensitivity of cosmological LSS surveys, going to higher order in fν is a
purely academic challenge. The current leading order approach is off by f2ν δ2 . 10−5 with δ being the dark
matter overdensity at the length scale of interest.
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of the unperturbed neutrino and dark matter distributions, f˜ [0]ν and f˜
[0]
dm, respectively. The
Fourier transformed dark matter distribution equals to unity because we assume exactly cold
dark matter particles. The Fourier transform of the distribution δdiff is given by the difference
of the distribution for neutrinos and dark matter:
f˜ [0](q) = f˜ [0]ν (q)− f˜ [0]dm(q)︸ ︷︷ ︸
CDM
= f˜ [0]ν (q)− 1. (2.8)
The calculations in the present paper will be performed using f˜ [0](q). For the Fermi distribu-
tion we can find a series expansion of the Fourier transform of the neutrino distribution [67].
Here we use the fitting function derived in [65] that is accurate to 3%. It is advantageous to
use, as the numerical evaluation is significantly faster:
f˜ [0]νi (q) =
0.0407
(
q
kBTν,0
mνic
)4
+ 0.0168
(
q
kBTν,0
mνic
)2
+ 1
1.6787
(
q
kBTν,0
mνic
)4.1811
+ 0.1467
(
q
kBTν,0
mνic
)8
+ 2.1734
(
q
kBTν,0
mνic
)2
+ 1
, (2.9)
with Tν,0 the temperature of the unperturbed neutrino distribution, mνi the mass of the
neutrino species, c the speed of light and kB the Boltzmann constant. As there are three
degenerate neutrino species, the sum over all three species has to be considered to obtain the
total neutrino distribution function:
f˜ [0]ν (q) =
∑
imνi f˜
[0]
νi (q)∑
imνi
. (2.10)
2.2 Perturbative Solution of the Neutrino Boltzmann Equation
Before solving the previously derived neutrino Boltzmann equation, we want to develop some
intuition on what controls the perturbative expansion. The perturbative solution of the
neutrino Boltzmann equation amounts to solving the trajectory of a set of particles with
known initial conditions. We want to estimate the deviation from a straight trajectory in a
region of size ∼ 1/k. This would be the same as determining ‘backwards’ the aforementioned
problem; to determine the initial conditions of a particle from a certain current position and
velocity. The trajectory of a particle is given by:
x(t)− x(tin) ∼
∫ t
dt1
(
v −
∫ t1
dt2 ∂Φ
(
x−
∫ t2
dt3
(
v −
∫ t3
dt4 ∂Φ (x− . . . )
)))
(2.11)
∼ v∆t︸︷︷︸
δx(1)
+ ∂Φ(∆t)2︸ ︷︷ ︸
δx(2)
+∂2Φ v(∆t)3 + . . . ,
where we considered only one Hubble time and neglected the scale factor. The ratio of the
first two terms, δx
(2)
δx(1)
∼ ∂Φ∆tv , lets us estimate the impact the gravitational force has on
the trajectory of the particles. The crossing time ∆t of a region with size 1/k is given by
the minimum of the Hubble time and the velocity of the particle times the wavenumber:
∆t ∼ Min[1/H, 1/(kv)]. Clearly, we have to differentiate between slow and fast neutrinos.
Let us consider ‘relatively-slow’ neutrinos8, which have a velocity v . H/k and cross a region
8‘relatively’ because it depends on the wavenumber k.
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v/H ∼ 1/kfs. In particular, this means that k . kfs. Since the whole region is not crossed in
a Hubble time, we can go to a local inertial frame and Taylor expand Φ around its minimum
and evaluate it at a distance 1/kfs : ∂Φ ∼ ∂2Φ∆x ∼ ∂2Φ/kfs. With ∆t ∼ 1/H and k . kfs
we obtain:
δx(2)
δx(1)
∼ 1
vH
∂2Φ
kfs
∼ ∂
2Φ
H2
∼ δ(k) , (2.12)
where we used ∂Φ ∼ H2δ. For ‘relatively-fast’ neutrinos, k & kfs, the region crossing takes
∆t ∼ 1/(kv) and the influence on the trajectory through the gravitational field is given by:
δx(2)
δx(1)
∼ 1
kv
∂Φ
v
∼ Φ
v2
∼ δ(k)
(
kfs
k
)2
. (2.13)
As the gravitational potential is approximately scale invariant, we can expand around this
parameter in our universe, which is always smaller than one. We define the non-linear velocity
as vNL ≡ H/kNL and with Φ ∼ v2NL, we can write the expansion parameter in equation (2.12)
as v2NL/v
2.
This estimate shows that we can split the fast-neutrino population, which has a free
streaming wavenumber smaller than the non-linear scale (kfs . kNL), into two subpopulations
when perturbatively solving the Boltzmann equation: first, ‘relatively-slow’ fast neutrinos
with k . kfs and, second, ‘relatively-fast’ ones with k & kfs. In fact, as the expansion
parameter is always smaller than unity for fast neutrinos, kfs . kNL, we can expand in δ(k),
for k . kfs, and in Φ/v2, for k & kfs. This is even possible for wavenumbers inside the
non-linear scale, even though, only after using the correct gravitational potential.
On the contrary, for slow neutrinos, which have a free streaming wavenumber larger
than the non-linear scale (kfs & kNL), there are wavenumbers k & kNL where the expansion
parameter is larger than order one. In this context, an effective stress tensor term, as explained
in [45], is added to account for the effect of short distance non-linearities.
Now we can perturbatively solve the neutrino Boltzmann equation given in eq. (2.1)
which is given in Fourier space by:
∂f(~k,~v, τ)
∂τ
+ i
~v · ~k
a
f(~k,~v, τ)− a
[
∂Φ
∂xi
∂f(~x,~v, τ)
∂vi
]
~k
= 0 , (2.14)
where [O(~x)]~k indicates that we take the ~k-component of the Fourier transform of O(~x). The
gravitational potential Φ is sourced by neutrinos only proportional to fν . The gravitational
field in the neutrino Boltzmann equation can be regarded as an external source, when solving
it to linear order9 in fν . This assumption allows us to neglect the back-reaction of the
gravitational potential in a universe with massive neutrinos onto the neutrino dynamics. We
can write f =
∑n
i=0 f
[i] with i indicating the order at which the gravitational force ∂Φ has
been included. With our choice of the definition of the velocity, being a comoving one, the
zeroth order solution for f(~k,~v, τ) is time independent. At n-th order the solution is given
by the recursive structure [45]:
f [n](~k,~v, τ) =
∫ τ
0
dτ ′GR(τ, τ ′;~v, k)
[
a(τ ′)
(
∂
∂xi
Φ(~x, τ ′)
)
∂
∂vi
f [n−1](~x,~v, τ ′)
]
~k
, (2.15)
9Going to higher order in fν works analogously. We can then write Φ as an expansion in fν : Φ =
∑n
i=0 f
i
νΦi.
Then the equations are solved up to the desired order in fν . As mentioned earlier, with the current accuracy
of cosmological LSS surveys the leading order expansion in fν is sufficient. Hence, going to higher N-point
correlation functions will be a purely academic challenge.
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where GR(τ, τ ′;~v,~k) is the analytically known retarded Green’s function from τ ′ to τ . It’s
analytic solution in super-conformal time s(τ) is given by:
GR(s, s
′;~v,~k) = e−i~k·~v(s−si) , s(τ) =
∫ τ dτ ′
a(τ ′)
=
∫ a0 1
a′2H(a′)da
′ . (2.16)
We performed a substitution for the super-conformal time using the conformal time relation
dτ
dt = a(t)
−1. Thus, the n-th order solution, expressed in terms of s(τ), is given by:
f [n](~k,~v, s) =
∫ τ
0
ds′a(s′)2e−i~k·~v(s−s
′)
[(
∂
∂xi
Φ(~x, s′)
)
∂
∂vi
f [n−1](~x,~v, s′)
]
~k
, (2.17)
which involves a convolution of fields in Fourier space. In the present paper the validity of
the equation is only ensured for k  kNL but the fields could include very high wavenumbers.
In [45], counterterms have been included to correct for these effects as well. At tree-level, we
do not have to include any additional terms to account for this effect. Hence, we can proceed
with the perturbative solution of (2.1). At first order the solution to the neutrino Boltzmann
equation is given by:
f [1](~k,~v, s) = e−i~k·~v(s−si)δf(~k,~v, si) +
∫ s
si
ds′a(s′)2e−i~k·~v(s−s
′)i
~v · ~k
v
Φ(~k, s′)
∂f [0](v)
∂v
, (2.18)
where si is the initial time of evaluation and δf(~k,~v, si) the perturbation of the neutrino
distribution at time si. The first term coming from the initial conditions gives a negligible
contribution10, as estimated in [45]. Moreover, we used ∂vif [0](v) = v
i
v ∂vf
[0](v).
At second order the solution is given by:
f [2](~k,~v, s) =
∫ s
0
ds1a(s1)
2e−i~k·~v(s−s1)
[(
∂
∂xi
Φ(~x, s1)
)
∂
∂vi
f [1](~x,~v, s1))
]
~k
=
∫
d3q1
(2pi)3
∫
d3q2
(2pi)3
(2pi)3δ
(3)
D (
~k − ~q1 − ~q2) (2.19)∫ s
0
ds1a(s1)
2e−i(~q1+~q2)·~v(s−s1)iqi11 Φ(~q1, s1)
∂
∂vi1
∫ s1
0
ds2a(s2)
2e−i ~q2·~v(s1−s2)iqi22 Φ(~q2, s2)
∂f [0](v)
∂vi2
.
2.3 Renormalization of Neutrino Correlation Functions
One might wonder if the expansion parameter is within the convergence radius of the per-
turbative series. As mentioned earlier, we can naturally split our neutrino population into
fast, kfs . kNL, and slow, kfs & kNL, neutrinos. For fast neutrinos we can certainly trust our
perturbative expansion as the expansion parameter is less than one for all wavenumbers. For
slow neutrinos this is not necessarily true since the expansion parameter is of order one for
k & kNL. In both cases, the solution is determined by the gravitational field, which is un-
known to us for wavenumbers larger than the non-linear scale, k & kNL. Nevertheless, these
10This approximation is valid because even using the assumption that δρν
ρν
(~k, si) ∼ δρdmρdm (~k, si) at initial time
si, the overdensities coming from the initial conditions at present time are of order ≤ 10−3 δρdmρdm (a0) when
starting at a redshift of z ∼ 10. This is because, when summing over the velocities, each different velocity
contributes with a different phase, leading to a cancellation. The error shrinks by going to even higher redshift.
In the numerical evaluations zi = 100 is used which lets us safely use this approximation.
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wavenumbers affect the solution at k  kNL. In fact, long wavelength perturbations can be
sourced by a product of fields with some having high wavenumbers qi & kNL. These modes
are not under perturbative control and, hence, their momentum and time dependence is un-
known. In general, the perturbative solution will have mistakes originating from this part of
phase space because the momentum and time integrals cannot be performed correctly. This
sensitivity to high wavenumbers is mapped in real space to a product of fields evaluated at the
same location, demonstrating their sensitivity to uncontrolled short-distance physics. Since
we are interested in the k  kNL regime, we can renormalize the products of fields by adding
suitable counterterms to correctly account for the contribution from uncontrolled short dis-
tance non-linearities, as explained in [45]. These counterterms renormalize the perturbative
expressions for the case of fast neutrinos in the one-loop power spectrum computation in [45].
However, for slow neutrinos additional counterterms have to be included as the perturbative
series does not hold when inserting interactions at k & kNL 11. In the present paper no coun-
terterms have to be included in the tree-level calculations. The renormalization formalism is
described in more detailed in App. A.
3 Bispectrum Calculations at Tree-Level
In order to extract information from the LSS of the universe, we compute N -point correlation
functions between density fields. In the present paper the tree-level bispectrum, the equivalent
of the three-point correlation function in Fourier space, is computed. From equation (2.7) one
can see that the calculation is split into computing Bdiff,dm,dm to zeroth order in fν , which we
do in Sec. 3.1, and Bdm,dm,dm to first order in fν , which we do in Sec. 3.2. The goal of this
paper is to compare the tree-level correction to the total-matter bispectrum in the presence
of massive neutrinos, ∆Btree−level,total, which is the sum of Bdiff,dm,dm and ∆Bdm,dm,dm to the
dark matter bispectrum Btree,fν=0 for different configurations. With the above derived tools,
we can now start to compute correlation functions between density fields.
In Fourier space, the bispectrum is defined as:
〈δ(~k1, a)δ(~k2, a)δ(~k3, a)〉 ≡ (2pi)3δ(3)D (~k1 + ~k2 + ~k3)B(k1, k2, k3, a) . (3.1)
Due to momentum conservation, the bispectrum B(~k1,~k2,~k3, a) is not a function of three
independent vectors but of the moduli of the momenta, B(k1, k2, k3, a). At zeroth order in
fν , which is the pure dark-matter case, the first non-trivial contribution to the bispectrum
stems from the first non-linear contribution to δ(1)dm, which is the second order overdensity
field of dark matter, δ(2)dm. As only Gaussian initial conditions are considered, the expectation
value of three linear dark matter fields is zero. Hence, the leading order three-point correlation
11The splitting between slow and fast neutrinos is done only at the level of the counterterms and not in the
way we solve the equations. This means that for the slow and fast neutrinos the full Boltzmann equation is
solved. While this is necessary for fast neutrinos, it is sufficient but non-necessary for slow neutrinos. These
could have, in principle, been solved using a fluid equation. However, since the splitting between fast and slow
neutrinos is not sharply defined, it is ultimately impossible to use a different equation for the slow neutrinos,
because this would require an imprecise splitting of the population. Using the perturbative equations for slow
neutrinos creates additional mistakes that are not corrected by the counterterms we use when solving the
Boltzmann equations. For this reason, for slow neutrinos, we add a fluid-like counterterm that corrects for
these mistakes. Now, the order-one ambiguity between the splitting for fast and slow neutrinos is therefore
relegated to an order one difference in the numerical value of this counterterm, which is unknown anyway,
apart of an order of magnitude estimate.
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t(a) Contracting f [1,1] with δ(1)dm
and δ(2)dm yields B
[1,1]|(1)|(2)
diff,dm,dm
t
(b) Contracting f [1,2] with two
δ
(1)
dm yields B
[1,2]|(1)|(1)
diff,dm,dm
t
(c) Contracting f [2,11] with two
δ
(1)
dm yields B
[2,11]|(1)|(1)
diff,dm,dm
Figure 1. Diagrammatic representation of the perturbative solution of neutrino distributions. Dashed
arrows represent the neutrino, while continuous lines represent the dark matter fields. The circles
represent the background initial neutrino distribution f [0], while the squares represent the initial dark
matter fields, of which we take correlations to create the bispectra diagrams, Bdiff,dm,dm, later on. The
dashed lines between the dark matter fields indicate the performed contractions using Wick’s theorem.
For the tree-level bispectrum computation, we use dark matter fields at first, δ(1)dm, and second order,
δ
(2)
dm. The perturbative solution for the neutrino distributions that use linear dark matter fields to first
and second order are f [1,1] and f [2,11], respectively. f [1,2] is a second order solution, obtained from
using a non-linear dark matter field at second order on the f [1] solution.
function in Fourier space, the tree-level bispectrum is given by:
Btree, fν=0(k1, k2, k3, a) = 2F2(
~k1, ~k2)P11(k1, a)P11(k2, a) + 2 cycl. perm. , (3.2)
where F2(~k1,~k2) is a kernel function from perturbation theory and the linear power spectrum,
P11(k, a), is given by the two-point correlator of two δ(1)(~k) (for a review, see [69]).
3.1 Contribution to Bdiff,dm,dm
The tree-level bispectrum can be computed using the perturbative solutions f [1] and f [2] of
the neutrino distribution function given in equation (2.15). For the tree-level calculation, at
zeroth order in fν , we are interested in the first, Φ(1), and second, Φ(2), order gravitational
potential. The neutrino side (δdiff) is evaluated to order n = j1 + · · ·+ ji using the f [i,j1...ji]
perturbative solution. Our notation is as follows: f [i,j1...ji] represents the solution obtained
by using the i-th order perturbative solution of equation (2.15), denoted f [i], and replacing
each Φ in it with Φ(j1) to Φ(ji). We denote with Φ(j) the gravitational potential at order
j in perturbation theory. Moreover, the time ordering of the different insertions is encoded
in the notation: Φ(ji) being the first and Φ(j1) the last inserted interaction. Hence, we use
for the perturbative solution of the neutrino distribution the form [i, j1 + · · ·+ ji]. Since we
are interested in computing the three-point correlation function, we contract the perturbative
solutions of the neutrino distribution f [i,j1...ji] with two dark matter fields, each evaluated
to order m1 and m2, denoted by δ
(m1)
dm and δ
(m2)
dm , respectively. Therefore, we will use the
notation B[i,j1...ji]|(m1)|(m2)diff,dm,dm . At tree-level, there are three diagrams for Bdiff,dm,dm that have
to be computed.
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Figure 1 shows the perturbative solutions for the neutrino distributions. The first dia-
gram is shown in figure 1(a); it consists of computing the expectation value of 〈f [1,1]δ(1)dmδ(2)dm〉.
We take the gravitational potential to first order, Φ(1), in f [1] and contract it with a linear,
δ
(1)
dm, and a second order, δ
(2)
dm, dark matter field. The first diagram is therefore given by:
B
[1,1]|(1)|(2)
diff,dm,dm (k1, k2, k3, a0) =
=
〈
D(a1)
∫
d3v
∫ s
0
ds′a(s′)2e−i~k·~v(s−s
′)
[
∂
∂xi
Φ(1)(~x, s′)
∂
∂vi
f [0](v)
]
~k
D(a0)
3
∫
d3q2
(2pi)3
· · ·
∫
d3q4
(2pi)3
F2(~q3, ~q4)δD(~q2 − ~k2)δD(~q3 + ~q4 − ~k3)δ(1)(~q2, a0)δ(1)(~q3, a0)δ(1)(~q4, a0)
〉
?
=
〈∫
d3v
∫
q1
(2pi)3δ
(3)
D (~q1 − ~k1)
∫ a0 da1
a21H(a1)
a21e
−i ~q1·~v(s−s(a1))
(
3
2
)
iqi11
−q21
H2a21Ωdm(a1)
∂
∂vi
f [0](v)
D(a0)
3D(a1)
∫
q2
∫
q3
∫
q4
F2(~q3, ~q4)δD(~q2 − ~k2)δD(~q3 + ~q4 − ~k3)δ(1)(~q1)δ(1)(~q2)δ(1)(~q3)δ(1)(~q4)
〉
??
=
(
3
2
)
D(a0)
3
∫ a0
da1D(a1)H(a1)Ωdm(a1) (s− s(a1)) (3.3)
× f˜ [0]( ~k1(s− s(a1)) 2 · F2( ~k1, ~k2)P11(k1, a0)P11(k2, a0) + 2 cycl. perm. ,
where in equation (3.3) the Poisson equation in Fourier space has been used in ?, given by:
∂iΦk =
∂i
∂2
∂2Φk =
iki1
−k2
(
3
2
)
H2(a)Ωdm(a)δdm(~k, a0) , (3.4)
and an integration by parts has been performed in ??. The first term vanishes at the
boundaries since there are no particles with infinite velocity and f [0](v) is zero at the ori-
gin. Moreover, for notational convenience, we wrote the density fields at present time
as δ(n)(~q1, a0) = δ(n)(~q1) and used the shorthand notation for the momentum integrals:∫ d3q
(2pi)3
=
∫
q. The lowest order kernel is defined as F1(~q1) = 1 and, for simplicity of the
equation, has been neglected in the equations [69]. We remind the reader, that f˜ [0] is the
Fourier transform of the relative distribution of the difference of neutrinos and dark matter.
The next diagram is shown in figure 1(b); it consists of computing to first order in the
neutrino density distribution the expectation value of 〈f [1,2]δ(1)dmδ(1)dm〉. We take the gravita-
tional potential to second order, Φ(2), in f [1] and contract it with two linear order dark matter
fields, δ(1)dm. The second diagram is therefore given by:
B
[1,2]|(1)|(1)
diff,dm,dm (k1, k2, k3, a0) =
=
(
3
2
)
D(a0)
2
∫ a0
da1D(a1)
2H(a1)Ωdm(a1) (s− s(a1)) (3.5)
× f˜ [0]( ~k1(s− s(a1)) 2 · F2( ~k2, ~k3)P11(k2, a0)P11(k3, a0) + 2 cycl. perm.
The next diagram is shown in figure 1(c); it consists of computing to second order
in the neutrino density distribution the expectation value of 〈f [2,11]δ(1)dmδ(1)dm〉. We take the
gravitational potential twice at linear order, Φ(1), in f [2] and contract it with two linear order
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dark matter fields, δ(1)dm. The third diagram is therefore given by:
B
[2,11]|(1)|(1)
diff,dm,dm (k1, k2, k3, a0, a1) =
= D(a0)
2
∫ a0
da1
∫ a1
da2
(
3
2
)2
H(a1)Ωdm(a1)H(a2)Ωdm(a2)D(a1)D(a2)
(3.6){[
~−k2(− ~k2 − ~k3)
k22
(s− s(a1))
][
− ~k3(− ~k2 − ~k3)
k23
(s− s(a1)) + (s(a1)− s(a2))
]
× f˜ [0]
(
(− ~k2 − ~k3)(s− s(a1))− ~k3(s(a1)− s(a2))
)
× 2P11(k2, a0)P11(k3, a0)
}
~k2↔ ~k3
+ 2 cycl. perm.
The sum of the three diagrams shown in figure 1 makes up Bdiff,dm,dm.
3.2 Contribution to Bdm,dm,dm
The overdensities in neutrinos exert an effect on the gravitational potential which in turn
affects the dark matter overdensity. We call the effect on Bdm,dm,dm, linear in fν , ∆Bdm,dm,dm.
In other words, in our notation, the total bispectrum takes the form:
B(k1, k2, k3, a) = Btree,fν=0(k1, k2, k3, a) + fν∆Bdm,dm,dm(k1, k2, k3, a)+ (3.7)
+ fν (Bdiff,dm,dm(k1, k2, k3, a) +Bdm,diff,dm(k1, k2, k3, a)+
+Bdm,dm,diff(k1, k2, k3, a)) +O(f2ν ) ,
where Btree,fν=0 was defined in equation (3.2). In order to compute these diagrams contribut-
ing to the tree-level bispectrum, the equations of motions of dark matter in the presence of
neutrinos are solved perturbatively. This set of equations is given by the following form (using
the notation and derivations given in [45, 68]):
∂2
a2
Φ =
3
2
H20
a30
a3
(Ωdm,0δdm + Ων,0δν) ≈ 3
2
H20
a30
a3
ΩNR,0(δdm + fνδdiff) , (3.8a)
1
a
∂δdm
∂a
+
1
a
θdm +
1
a
∂i(δdmv
i
dm) = 0 , (3.8b)
1
a
∂θdm
∂a
+Hθdm +
1
a
∂2Φ +
1
a
∂i(v
j
dm∂jδ
i
dm) = 0 , (3.8c)
where we used the following definitions12: θdm = ∂ividm(~x, t), pi
i
dm(~x, t) = ρ(~x, t)v
i
dm(~x, t) and
ΩNR,0 is the present energy fraction in non-relativistic matter. With the standard growth
factor fg = d logD0d log a where D0 is the growth factor in absence of neutrinos, we define
Θdm ≡ − θdm
fgH . (3.9)
12We are still doing the computations without counterterms as no sensitivities to uncontrolled short-distance
non-linearities arise during the calculations at tree-level. Moreover, we neglected the velocity vorticity that is
generated by the counterterms, and, hence, negligible at leading order [4, 17, 45].
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This gives us a compact way of rewriting the equations of motions13 in terms of Θ:
a
∂δ~k
∂a
− fgΘ~k = fg
∫
q1
∫
q2
(2pi)3δ
(3)
D (
~k − ~q1 − ~q2)α(~q1, ~q2)Θ~q1δ~q2 , (3.10a)
a
∂Θ~k
∂a
− fgΘ~k +
3
2
Ωdm(a)
fg
(Θ~k − δ~k − fνδν,~k) = (3.10b)
= fg
∫
q1
∫
q2
(2pi)3δ
(3)
D (
~k − ~q1 − ~q2)α(~q1, ~q2)Θ~q1Θ~q2 ,
where α and β are kernels depending on the momentum vectors:
α(~q1, ~q2) = 1 +
~q1 · ~q2
q21
, β(~q1, ~q2) =
|~q1 + ~q2|2 ~q1 · ~q2
2q21q
2
2
. (3.11)
At zeroth order in fν , we can solve the above equations iteratively; δ
(n)
~k
and Θ(n)~k , at any
perturbative order, are given by [45, 68]:
δ
(n)
~k
=
∫ a
0
da˜
(
Gδ1(a, a˜)S
(n)
1 (a˜,
~k) +Gδ2(a, a˜)S
(n)
2 (a˜,
~k)
)
, (3.12a)
Θ
(n)
~k
=
∫ a
0
da˜
(
GΘ1 (a, a˜)S
(n)
1 (a˜,
~k) +GΘ2 (a, a˜)S
(n)
2 (a˜,
~k)
)
. (3.12b)
The solution is given in terms of two density Green’s functions, Gδ1(a, a˜), Gδ2(a, a˜), and two
velocity Green’s functions, GΘ1 (a, a˜) and GΘ2 (a, a˜) as well as the source terms of the non-linear
continuity and Euler equations at n-th order, S(n)1 (a,~k) and S
(n)
2 (a,
~k), respectively. They are
given by:
S
(n)
1 (a,
~k) = fg(a)
n−1∑
m=1
∫
d3q
(2pi)3
α(~q,~k − ~q)Θ(m)~q (a)δ(n−m)~k−~q (a) , (3.13a)
S
(n)
2 (a,
~k) = fg(a)
n−1∑
m=1
∫
d3q
(2pi)3
β(~q,~k − ~q)Θ(m)~q (a)Θ(n−m)~k−~q (a) . (3.13b)
The explicit expressions for the Green’s functions are given in App. C of [68].
At first order in fν , the contribution of δν to the evolution of dark matter is related to the
influence it has through the gravitational potential. This is denoted by δ(n)dm←ν and Θ
(n)
dm←ν ,
respectively. The notation dm← ν stands for induced dark matter perturbations originating
from the neutrino perturbations. The only difference between δ(n)dm←ν and Θ
(n)
dm←ν is the used
Green’s function after the transition from a neutrino to a dark matter field, denoted by the
mixing vertex 32
Ωdm
fg
. The induced perturbations of δν in δdm and Θdm are given by:
δ
(n)
dm←ν(~k, a) = fν
∫ a
da˜ Gδ2(a, a˜)
3
2
Ωdm
fg(a˜)
δ(n)ν (
~k, a˜), (3.14a)
Θ
(n)
dm←ν(~k, a) = fν
∫ a
da˜ GΘ2 (a, a˜)
3
2
Ωdm
fg(a˜)
δ(n)ν (
~k, a˜). (3.14b)
13For simplicity of the equations, we dropped the dark matter subscript dm whenever it does not create
confusion.
– 15 –
t(a) Contracting f [1,1] with δ(1)dm
and δ(2)dm yields ∆B
[1,1]|(1)|(2)
dm,dm,dm .
t
(b) Contracting f [1,2] with two
linear dark matter fields, δ(1)dm,
yields ∆B[1,2]|(1)|(1)dm,dm,dm .
t
(c) Contracting f [2,11] with two lin-
ear dark matter fields, δ(1)dm, yields
∆B
[2,11]|(1)|(1)
dm,dm,dm .
Figure 2. Diagrammatic representation of the integral diagrams contributing to ∆Bdm,dm,dm. Per-
turbative solution for linearly induced, shown in figure 2(a) and 2(c), and the non-linearly induced,
shown in figure 2(b), dark matter perturbations from the neutrino perturbations, δ(n)dm←ν . The filled
diamond represents the insertion of the mixing vertex, 32
Ωdm
fg
, which converts a neutrino field (dashed
line) into a dark matter field (continuous line). The diagrams with θ(n)dm←ν are analogous except that
after the mixing vertex a different Green’s function has to be used.
Now, we can compute a part of the desired tree-level bispectra by directly contracting δ(n)dm←ν
and Θ(n)dm←ν with the adequate linear and second order dark matter fields. We can derive
the remaining diagrams, by using the solutions in the perturbative expression resulting from
equation (3.10). In particular, this means that we can insert the expression in equation
(3.14) in all possible ways into equation (3.12) to obtain a perturbation at the relevant order
and then perform the necessary contractions. Thus, two different kinds of diagrams have
to be computed: first, the ones where we evolve non-linearly the neutrinos, and then the
neutrino field is converted into a dark matter field, without any additional interactions, called
integral diagrams. Second, the dark matter field perturbation induced by the conversion of the
neutrino perturbation is evolved non-linearly. We call these diagrams non-integral diagrams.
Integral diagrams
These diagrams are formed by directly contracting the fluctuations in δ(n)dm←ν and θ
(n)
dm←ν with
the dark matter fields at the required order, as shown in figure 2. These diagrams allow us to
recycle the results from the previous section. We only need to add a neutrino mixing vertex
and the adequate Green’s function, Gδ2(a, a˜) or Gθ2(a, a˜), and integrate over time. This yields
the contribution, called the integral diagrams:
∆B
[n,i1...in]|(m1)|(m2)
dm, dm, dm (k1, k2, k3, a0) =
∫ a0
da˜ Gδ2(a0, a˜)
3
2
Ωdm(a˜)
fg(a˜)
B
[n,i1...in]|(m1)|(m2)
diff, dm, dm (k1, k2, k3, a0, a˜) ,
(3.15)
where B[n,i1...in]|(m1)|(m2)diff, dm, dm corresponds to the diagrams computed in Sec. 3.1. However, due
to a physical (and technical) subtlety we compute the diagram shown in figure 2(a) not by
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tFigure 3. Diagrammatic representation of the non-integral diagram. We contract δ[1,1](1)dm with two
linear dark matter fields, δ(1)dm, to obtain ∆B
[1,1](1)|(1)|(1)
dm,dm,dm . It is important to notice that the sum over
all possible insertions of δdm←ν and θdm←ν has to be considered.
using equation (3.15) due to an arising logarithmic divergence. We will discuss this in more
depth in the following paragraphs.
Non-integral diagrams
The other contributing diagram is obtained by using the perturbations induced by δν in
δdm and θdm, which are given by equation (3.14), denoted by δ
(n)
dm←ν and Θ
(n)
dm←ν , and then
evolving these fields non-linearly at the relevant order. This leads, at tree-level, to one non-
integral diagram shown in figure 3. In our notation, we denote these solutions by δ[q,i1...iq ](m)dm ,
with i1 + · · · + iq = n, and construct a dark matter solution of order (n + m). In other
words, we consider a δ(n)dm←ν or Θ
(n)
dm←ν induced by the neutrino distribution f
[q,i1...iq ], with
i1 + · · · + iq = n, and insert additional dark matter interactions to m-th order. The desired
diagram is obtained by contracting this solution, δ[q,i1...iq ](m)dm , with two dark matter fields at
order p1 and p2, given by δ
(p1)
dm and δ
(p2)
dm , respectively, yielding ∆B
[q,i1...iq ](m)|(p1)|(p2)
dm,dm,dm .
In order to compute the diagram shown in figure 3, we use the solution δ[1,1](1)dm , for which
we use δ[1,1]dm←ν and Θ
[1,1]
dm←ν , respectively, and contract it with two linear dark matter fields,
δ
(1)
dm. To compute this diagram, we apply the following the trick: first, we solve equation (3.8)
by using equation (3.12). Then, we contract the three density fields: δ[1,1](1)dm in the presence
of massive neutrinos and the two linear order dark matter fields, δ(1)dm. From the resulting
diagram, we subtract the same diagram in the absence of neutrinos in the same cosmology.
This procedure gives us the desired diagram ∆B[1,1](1)|(1)|(1)dm,dm,dm . It is important to note, that we
have to account for the correct time- and k-dependence for δ(1)dm and Θ
(1)
dm, as in the presence
of massive neutrinos the linear growth factor is k-dependent.
Now, we address the aforementioned arising technical complication when using the ex-
pressions for linear dark matter fields induced at linear level by δdiff , denoted by δ
[1,1]
dm←ν and
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Θ
[1,1]
dm←ν in equation (3.12). As mentioned earlier, these perturbations are not only used to
compute the diagram in figure 2(a), but also, to create δ[1,1](1)dm←ν for the diagram in figure 3.
The diagrams ∆B[1,1]|(1)|(2)dm,dm,dm , shown in figure 2(a), and ∆B
[1,1](1)|(1)|(1)
dm,dm,dm , shown in figure 3, are
logarithmically sensitive to the initial time of evaluation because the Green’s function behaves
as ∼ 1/a2 at early times. This leads to a logarithmic enhancement. It originates from a back-
reaction of neutrinos on dark matter. This leads to a correction of the dark matter growth
rate14. This phenomenon, typical when treating perturbatively a term in the linear equations
of motion, is known as secular enhancement and leads to a break down of the perturbative so-
lution of linear equations of motion after long enough times. Since the effect is still relatively
small in our case perturbation theory still holds. In our universe, this logarithmic sensitivity
is regulated at the epoch of matter-radiation equality, where, however, our non-relativistic
equations do not hold anymore. In order to compute these diagrams, we use the following
trick: we construct δ[1,1]dm←diff and Θ
[1,1]
dm←diff , which are the linearly induced dark matter fields
by δdiff , by using the difference of two exact solutions given by the relativistic Boltzmann
solver camb15 [70]. This guarantees that our equations are correct at early times. We then
compute each diagram in the presence of massive neutrinos and subtract from the resulting
diagram the one in absence of neutrinos but with the same cosmology. This workaround: us-
ing a relativistic Boltzmann solver instead of equation (3.14), allows us to correctly compute
the diagram.
Having computed the integral and non-integral diagrams, we conclude the evaluation
of the diagrams that contribute to ∆Bdm,dm,dm. As mentioned earlier, we are doing the
calculations at tree-level and, hence, do not include counterterms.
4 Results of the Bispectrum Computations
In this section we discuss the obtained results when numerically integrating the tree-level
diagrams. The correction to the leading order total-matter bispectrum is presented and
discussed. The cosmological parameters used in order to generate the linear power spectrum
and perform the computations have been kept the same as in [45], for ease of comparison:
Ωdm = 0.2430308 , Ωb = 0.0468 , ΩΛ = 0.704948 , Ων = 0.0051692 , H0 = 68.8 ,
Pζ = 2.187 · 10−9 , ns = 0.9676 , kpivot = 0.05hMpc−1 . (4.1)
For the neutrinos the following masses have been chosen, which lay within the Planck 2σ
bound [71]. The sum of the neutrino masses is
∑
mνi = 0.23eV and the individual masses
are given by the following hierarchy:
mν1 = 0.0712909eV, mν2 = 0.0718178eV, mν3 = 0.0868913eV, fν = 0.0178352 . (4.2)
Figure 4(a) shows the linear power spectrum for massless and massive neutrinos. As the
neutrinos are massive, they become non-relativistic at late times and cluster which, in turn,
affects the total-matter clustering. This can be seen in the power spectrum since massive
neutrinos damp it on scales below their free streaming length. This expected damping effect
is illustrated in figure 4(b) and augments with increasing fν . On large scales (i.e. for small
wavenumbers k) the power spectra are identical for both cases because on distances longer
14The correction to the dark matter growth factor is derived in App. B in an Einstein-de Sitter universe.
15http://camb.info
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(a) Linear total-matter power spectrum generated
with camb for massive and massless neutrinos
fν = 0
fν = 0.0178352
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(b) Damping of the linear dark matter power spec-
trum due to massive neutrinos with Σ mν,i = 0.23eV.
Figure 4. The linear power spectrum with massless and massive neutrinos generated by the rela-
tivistic Boltzmann solver camb is given in figure 4(a). The suppression of the linear matter power
spectrum due to massive neutrinos (P fνlin/P
fν=0
lin ) is shown in figure 4(b). The suppression sets in at
k ∼ 5 · 10−3 hMpc−1 . The damping factor depends on the neutrino energy density fraction, here
taken to be fν ≈ 0.018. The effect is of order ∼ fν log(aeqa0 ) ∼ 8fν for k > kfs.
0.001 0.010 0.100 1
k [h/Mpc]
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Figure 5. Ratio of the linear power spectra for massive neutrinos and dark matter at low and high
wavenumber k. The linear power spectrum of neutrinos is suppressed at higher wavenumbers due to
neutrino free streaming. Therefore, for long wavelengths δν ' δdm and for short wavelengths δν ' 0.
The dashed black line indicates the transition between the two limits and is the wavenumber (kfs)
associated to the free streaming length.
than the free streaming length, which is shorter than the Hubble length because the neutrinos
are non-relativistic, neutrinos cluster. The effect of the neutrino masses becomes visible below
their free streaming length at k ∼ 5 · 10−3 hMpc−1 . The amount of damping of the power
spectrum is proportional to the total energy density of neutrinos, and, therefore, the total
mass of all the neutrino species. However, the exact shape and the scale at which the damping
sets in, depends on the individual mass of each eigenstate. With the chosen fν the power
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Figure 6. Shape dependence of the tree-level dark matter bispectrum Btree, fν=0 with varying trian-
gular configurations. The solid blue curve represents the equilateral configuration, Btree, fν=0(k, k, k),
the dashed orange one the flat, Btree, fν=0(k, k/2, k/2), and the green dashed line the squeezed limit
configuration, Btree, fν=0(k, k, k′  k) with k′/k = 0.1.
spectrum of purely dark matter is damped by approximately 15%: this corresponds to a
damping of ∼ log(aeqa0 )fν ∼ 8fν for k & 0.2hMpc−1 . This is what we referred to earlier as
secular enhancement from which the main contribution stems. This gives an effect enhanced
in the log of the two scale factors.
Figure 5 shows the ratio between the linear power spectra for massive neutrinos and
dark matter. For low wavenumbers, k . 5 · 10−3 hMpc−1 , the neutrino density fluctuations
behave like CDM perturbations. In this regime the neutrino free streaming is negligible. With
the chosen cosmology and neutrino masses, the suppression starts at k ∼ 5 · 10−3 hMpc−1 .
The break, although not sharp, is indicated by the dashed vertical black line in the figure.
For k & 10−2 hMpc−1 the linear power spectrum of neutrinos is highly suppressed due to
neutrino free streaming leading to δν(k, a) ' 0. This plot allows us to simply derive the
behavior of δdiff on all scales at linear order: for long wavelengths, δdiff goes to zero and
for short wavelengths δdiff approaches −δdm. The behavior of the linear power spectrum at
different scales is important for the interpretation of all perturbative results.
Figure 6 shows the triangular shape dependence in one dimension of the tree-level dark
matter bispectrum. Therefore, we plot the equilateral configuration, Btree, fν=0(k, k, k), the
flat triangular configuration, Btree, fν=0(k, k/2, k/2), and the squeezed limit, Btree, fν=0(k, k, k′ 
k), with k
′
k ' 0.1.
In order to better visualize the shape dependence of Btree,fν=0, we plot the reduced
dark matter tree-level bispectrum, Qtree, in two dimensions in figure 7, as suggested in [69].
Therefore, the tree-level bispectrum has been divided by the sum over the permutations of
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(a) k1 = 0.05hMpc−1 (b) k1 = 0.2hMpc−1
Figure 7. The shape dependence of the reduced bispectrum Qtree, which is the ratio of the tree-level
dark matter bispectrum Btree,fν=0 and the sum over the permutations of the linear power spectra Σ0,
is plotted. Qtree is plotted as function of x2 ≡ k2k1 and x3 ≡ k3k1 . The shape is constrained to the
fundamental domain x2 ≥ x3 ≥ 1 − x2. The triangular shape dependence is shown for a constant
k1 = 0.05hMpc
−1 , showing long wavelengths, in figure 7(a) and for a constant k1 = 0.2hMpc−1 ,
showing short wavelengths, in figure 7(b).
the linear power spectra
Qtree ≡ Btree,fν=0(k1, k2, k3, a)
Σ0
=
2F2(~k1,~k2)Plin(k1, a)Plin(k2, a) + 2 cyclic perm.
Plin(k1, a)Plin(k2, a) + 2 cyclic perm.
. (4.3)
Translational invariance forces the three-point correlation function to conserve momentum.
Rotational invariance further constrains the number of independent variables to just two.
Hence, it is instructive to plot the bispectrum as a function of x2 ≡ k2k1 and x3 ≡ k3k1 with
constant k1 values. The variables x2 and x3 are constrained to the region x2 ≥ x3 ≥ 1 − x2
in order to avoid considering the same configuration twice, with x3 ≥ 1 − x2 following from
the triangular inequality.
In figure 7(a) the shape dependence of the tree-level dark matter bispectrum, normalized
by Σ0, with a constant k1 = 0.05hMpc−1 is shown in two dimensions. The flat configuration
is enhanced by a factor of 1.5.
In figure 7(b) the shape dependence of the tree-level dark matter bispectrum, normalized
by Σ0, with a constant k1 = 0.2hMpc−1 is shown in two dimensions. It is predicted that the
reduced bispectrum is correlated to the triangular configuration; the flat configuration (x2 +
x3 ≈ 1) and the squeezed triangle configuration (x2 → 1 and x3 → 0) show an enhancement
of up to a factor of 2.5 with respect to the equilateral configuration (x2 = x3 = 1). This is due
to the fact that gravity generates anisotropies in LSS, as explained in [69]. The equilateral
configuration is suppressed by approximately a third.
Figure 8 compares the dark matter tree-level bispectrum, Btree,fν=0, to fνBdiff,dm,dm
that we computed in Sec. 3.1. For k & 0.1hMpc−1 , Bdiff,dm,dm approaches the dark matter
bispectrum up to a factor of −fν on equilateral configurations. For low wavenumbers, k .
10−2 hMpc−1 , Bdiff,dm,dm is smaller by up to two orders of magnitude. This effect has been
anticipated because δdiff is highly suppressed at linear order for small wavenumbers, as one
can easily infer from figure 5. Similarly, it approaches −δdm at high k.
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Figure 8. Comparison of the absolute value of Bdiff,dm,dm to the tree-level dark matter bispectrum
Btree,fν=0 for equilateral configurations. On small scales, for k & 0.1hMpc−1 , Bdiff,dm,dm approaches
the dark matter tree-level bispectrum by a factor of −fν . At large scales, for k < kfs, Bdiff,dm,dm is
suppressed by up to two orders of magnitude because δdiff is highly suppressed at these scales.
Figure 9 shows the influence massive neutrinos have onBdm,dm,dm, denoted by ∆Bdm,dm,dm.
The overall structure is very similar to the previously discussed case, Bdiff,dm,dm. This comes
from the fact that the matter perturbations are induced by δdiff which affects δdm through the
Poisson equation. However, there is a crucial difference: for k & 0.1h Mpc−1, ∆Bdm,dm,dm
approaches the dark matter bispectrum up to a factor of −15fν for equilateral configurations.
The main contribution stems from the influence of the linear δdiff on the linear δdm which is
logarithmically enhanced in the length of time from matter radiation equality to the present
time. As previously discussed, this effect is called secular enhancement16. The sharp drop
at k ∼ 3 · 10−3 hMpc−1 comes from a sign change of the bispectrum. For long wavelengths,
for k . 10−2 hMpc−1 , the correction is smaller by up to two orders of magnitude due to the
suppression of δdiff on large scales.
Figure 10 shows the sum of the contributions Bdiff,dm,dm and ∆Bdm,dm,dm to the total-
matter tree-level bispectrum, called ∆Btree−level,total, explicitly given by:
∆Btree−level,total(k1, k2, k3, a) = ∆Bdm,dm,dm(k1, k2, k3, a) +Bdiff,dm,dm(k1, k2, k3, a) (4.4)
+Bdm,diff,dm(k1, k2, k3, a) +Bdm,dm,diff(k1, k2, k3, a) .
The sum of the contributions approaches −16fν times the dark matter bispectrum for large
wavenumbers, k & 0.1hMpc−1 , on equilateral configurations. As explained previously, the
logarithmic enhancement comes from the effect of δdiff on δdm at linear level. The overall
shape of ∆Btree−level,total is very similar to the previous figures. The green dashed line indi-
16The dark matter growth factor in the presence of massive neutrinos is explicitly derived in App. B.
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Figure 9. Comparison of the absolute value of ∆Bdm,dm,dm to the tree-level dark matter bispectrum
Btree,fν=0 for equilateral configurations. On small scales, for k & 0.1h Mpc−1, ∆Bdm,dm,dm approaches
the dark matter tree-level bispectrum by a factor of −15fν . At large scales, for k < kfs, ∆Bdm,dm,dm
is suppressed by up to two orders of magnitude because δdiff is higly supressed at these scales.
cates the contribution purely from the logarithmically enhanced diagrams which account for
approximately 90% of the final result17.
In figure 11 the ratio of the correction induced by the massive neutrinos to the total-
matter tree-level bispectrum, ∆Btree−level,total, and Btree,fν=0 is shown and extends figure
10 to two dimensions. Therefore, we plot, for two different constant k1 values, the ratio
− 116fν
∆Btree−level,total
Btree,fν=0
.
In figure 11(a) the ratio− 116fν
∆Btree−level,total
Btree,fν=0
for a constant wavenumber k1 = 0.05hMpc−1
is shown. As we are looking at longer wavelengths, the agreement between the total-matter
tree-level bispectrum and 16fν times the dark matter tree-level bispectrum is about 70% for
the equilateral and the flat triangular configurations, as anticipated from the discussion of
figure 10. Additionally, we obtain an enhancement by a factor of two times −16fν for flat
triangles in the squeezed limit (x2 = 0.9 and x3 = 0.1) which we will discuss in more depth
later.
In figure 11(b) the same ratio for a constant wavenumber k1 = 0.2hMpc−1 is shown.
The agreement for shorter wavelengths, in particular, for the equilateral and flat configurations
are, as expected from the discussion of figure 10, of order of a few percent. For the flat
triangular configuration in the squeezed limit (x2 = 0.9 and x3 = 0.1) we obtain, analogously
17We point out that, although the contribution of the back-reaction of neutrinos on dark matter accounts
for 90% of the effect, it is a less accurate part of the answer for the one loop power spectrum [45]. More
importantly, it is not easy to imagine that a perturbative expansion exists where one can recover the effect
of the non log-enhanced diagrams by perturbing around the solution with just the log-enhanced diagrams.
Therefore, the full Boltzmann equation should be solved.
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Figure 10. Comparison of the absolute value of the tree-level correction to the total-matter bis-
pectrum in the presence of massive neutrinos, ∆Btree−level,total, which is the sum of Bdiff,dm,dm and
∆Bdm,dm,dm to the dark matter bispectrum Btree,fν=0 for equilateral configurations. On small scales,
for k & 0.1h Mpc−1, ∆Btree−level,total approaches the dark matter tree-level bispectrum by a factor of
−16fν . At large scales, for k < kfs, ∆Btree−level,total is suppressed by up to two orders of magnitude
because δdiff is higly supressed at these scales.
(a) k1 = 0.05hMpc−1 (b) k1 = 0.2hMpc−1
Figure 11. Ratio of the tree-level correction to the total-matter bispectrum in the presence of
massive neutrinos, ∆Btree−level,total, and the tree-level dark matter bispectrum: −∆Btree−level,total16fνBtree,fν=0 .
Figure 11(a) is plotted with a constant wavenumber k1 = 0.05hMpc−1 and figure 11(b) with constant
k1 = 0.2hMpc
−1 .
to the previous case, an enhancement by a factor of 2.5 times −16fν .
In the following we want to develop some intuition on why the flat triangular configura-
tion in the squeezed limit for high wavenumbers is non-zero, and also why for low wavenumbers
∆Btree−level,total is non-zero. Therefore, let us consider a triangle with two short modes at
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(a) Comparison of ∆Btree−level,total and Btree,fν=0.
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(b) Ratio of ∆Btree−level,total and Btree,fν=0.
Figure 12. Comparison of the absolute value of ∆Btree−level,total and Btree,fν=0 in the flat trian-
gular configuration in the squeezed limit (x2 = 0.9 and x3 = 0.1). We observe an enhancement of
∆Btree−level,total with respect to Btree,fν=0 for k > kfs in figure 12(a). In particular, we plot the abso-
lute value of the ratio 116fν
∆Btree−level,total
Btree,fν=0
in figure 12(b) to quantify this enhancement more precisely.
We observe an enhancement by a factor of approximately two, for k1 = 0.05hMpc−1 , and 2.5, for
k1 = 0.2hMpc
−1 , times 16fν ·Btree,fν=0 in the chosen triangular configuration.
linear order, δ(1)s , and one long mode at second order, δ
(2)
l . In particular, we want to compute
〈δ(1)s δ(1)s δ(2)l 〉: naively, one would expect this configuration, for wavenumbers longer than the
free streaming length, to be zero, but, as visible in figures 11 and 12, not only we get non-zero,
but actually we obtain an enhancement of ∆Btree−level,total with respect to the dark matter
bispectrum in the flat triangular configuration in the squeezed limit (x2 = 0.9 and x3 = 0.1).
This comes from the fact that δ(2)l is sourced by two short modes: at linear level, δ
(1)
l,diff is
vanishingly small for long wavelengths, as discussed in figure 5, while, at non-linear level,
δ
(2)
l,diff has a non-vanishing contribution thanks to the contribution of the product of two short
modes. Therefore, we plot the absolute value of ∆Btree−level,total in figure 12(a) and the dark
matter bispectrum in the flat triangular configuration in the squeezed limit with x2 = 0.9
and x3 = 0.1 and observe an enhancement for k > kfs which comes from the log-enhanced di-
agrams. In figure 12(b) we plot the absolute value of the ratio 116fν
∆Btree−level,total
Btree,fν=0
in the same
limit and observe an enhancement by a factor of approximately two, for k1 = 0.05hMpc−1 ,
and approximately 2.5, for k1 = 0.2hMpc−1 , times 16fν the dark matter tree-level bispec-
trum. The above explanation enlightens the fact that the contributions in the low-k regime
and in the flat-squeezed configuration in the high-k regime are non-zero, but does not yet
explain why it is actually boosted by a factor of approximately two in the squeezed-flat limit,
and not so in the completely squeezed limit. Due to different contributions from each indi-
vidual permutation in the flat squeezed limit the suppression in this calculation is boosted by
a factor of two as explained in the following:
First, for the tree-level dark matter bispectrum in the flat-squeezed configuration, we
notice that there is a cancellation by a factor of approximately three when summing over
all possible permutations. The main contribution comes from the configuration B121,dm and
the main cancellation from the configuration B211,dm. This cancellation is not present in the
completely squeezed limit.
Instead, for the neutrino case, some permutations or contractions give a negligible con-
tribution because of the fact that some diagrams would require δdiff at long wavelengths.
This lack of contribution from some diagrams spoils the cancellation that we find in the dark
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matter case, explaining the enhancement by a factor of approximately two in the flat squeezed
limit and the reduced supresion in the completely squeezed limit (where the dark matter bis-
pectrum does not have a cancellation). When only looking at the very squeezed limit (x2 = 1
and x3 = 0), we observe a reduced supression, corresponding to ∼ 12fν . These results are in
approximate quantitative agreement with [66], the physical interpretation is quite similar for
the completely squeezed limit, but it is somewhat more elaborate for the flat squeezed limit.
Cross Checks
In order to check if the diagrams are correct, a series of powerful checks have been successfully
performed. Although the integrals are prone to errors, the cross checks give a high level of
confidence on the correctness of the results.
First, for Bdiff,dm,dm we can set the neutrino masses, mν , arbitrarily high which equals
to setting f˜ [0]ν = 1 and δdiff = 0. Substituting in our computations f˜ [0] with f˜
[0]
ν reproduces
the tree-level bispectrum Btree,fν=0 for dark matter to percent level.
Second, we check the two log-enhanced diagrams: ∆B[1,1]|(1)|(2)dm,dm,dm and ∆B
[1,1](1)|(1)|(1)
dm,dm,dm . We
replace δdiff with δdm and obtain with percent level accuracy the tree-level bispectrum for
dark matter for each log-enhanced diagram18. Moreover, we check that when we evaluate the
diagrams in a cosmology with massless neutrinos, that the log-enhanced diagrams, which are
given by the difference of two diagrams, yield, as expected, zero.
Furthermore, we have two different possibilities to compute the log-enhanced diagrams:
on one hand, we can calculate, as described earlier, the log-enhanced diagrams as a sum of
∆B
[1,1]|(1)|(2)
dm,dm,dm and ∆B
[1,1](1)|(1)|(1)
dm,dm,dm . On the other hand, we obtain the same result, when taking
the difference of the total-matter tree-level bispectrum with massive neutrinos19, Bfνtree, and
the one in the absence of neutrinos, Bfν=0tree . This further increases our level of confidence
about our result.
We did not check the non log-enhanced integral diagrams that are contributing to
∆Bdm,dm,dm, but, given that the structure only differs from Bdiff,dm,dm by an additional
integration over time and that Bdiff,dm,dm has been checked, it is unlikely that these diagrams
are erroneous.
The computations passed all the above mentioned checks which makes us confident that
the result is correct. The computations are based on the publicly available Mathemat-
ica notebook for the one-loop power spectrum computed in [45] and are published in the
EFTofLSS code repository20.
5 Conclusion and Summary
The EFTofLSS continuously improves our theoretical understanding of the large-scale struc-
ture of the universe. In the present paper we further developed an analytic formalism to
describe dark matter clustering in the presence of massive neutrinos by computing the lead-
ing order three-point correlation function, i.e. the tree-level bispectrum in Fourier space, in
the mildly non-linear regime. We can describe dark matter as en effective fluid-like system for
18This is a non-trivial check because we have to account for the k-dependence of the growth factor and the
combinatorics of the different diagrams.
19We computed Bfνtree with the k-dependent Green’s functions and with P
fν
lin in a given cosmology taken
from the relativistic Boltzmann solver camb.
20http://web.stanford.edu/~senatore/
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k . kNL since its free streaming length is about the non-linear scale. For neutrinos, instead,
we split the neutrino population into two families when perturbatively solving the neutrino
Boltzmann equation based on their different expansion parameters: fast and slow neutri-
nos. Fast neutrinos have a free streaming wavenumber smaller than the non-linear scale,
kfs . kNL, for which each interaction corresponds to a small correction. On the contrary,
slow neutrinos have a free streaming wavenumber larger than the non-linear scale, kfs & kNL.
When considering interactions with gravitational fields with wavenumbers shorter than the
non-linear scale, the expansion parameter for slow neutrinos is larger than order one and the
perturbative solution does not hold anymore. However, for slow-neutrino perturbations with
wavenumbers longer than the non-linear scale, one can consider slow neutrinos as an effective
fluid-like system similar to dark matter, and, therefore, the effect of short distance physics
can be corrected by the inclusion of a speed-of-sound like counterterm (cs). In our tree-level
calculations no counterterms are required as no UV sensitive terms arise when performing the
integrals, contrary to the case of the one-loop power spectrum computed in [45]. We solve this
coupled set of equations perturbatively by expanding in the smallness of their relative energy
density, fν , and in the ratio of the wavenumber of interest over the wavenumber associated
to the non-linear scale, k/kNL.
For our calculations we assumed massive neutrinos with a total mass of
∑
mνi = 0.23 eV.
As the neutrinos are massive, they become non-relativistic at late times and cluster which,
in turn, affects the total-matter clustering. Through the gravitational force the neutrino
clustering affects the dynamics of dark matter. This is visible in a suppression of the linear
power spectrum for wavenumbers larger than the free streaming wavenumber, k & kfs, by
a factor of ∼ 8fν . We computed, at linear order in fν , the correction induced by massive
neutrinos to the total-matter tree-level bispectrum, called ∆Btree−level,total. Therefore we
computed the following corrections: first, the cross-correlation function between the density
fields δdiff = δν − δdm and δdm which yields Bdiff,dm,dm. The latter approaches the tree-level
dark matter bispectrum up to a factor of −fν for k > kfs. For low wavenumbers, k < kfs,
the correction was suppressed by up to two orders of magnitude. Second, the correction
of neutrinos to the matter bispectrum due to the different evolution of dark matter in the
presence of massive neutrinos, called ∆Bdm,dm,dm, was computed. It is much more significant
and approaches −15fν times the tree-level dark matter bispectrum for short wavelengths.
Similarly to the previous case, for long wavelengths the correction is suppressed by up to
two orders of magnitude due to δdiff ' 0. The total correction to the tree-level bispectrum
amounts to summing all the computed diagrams yielding approximately −16fν times the
tree-level dark matter bispectrum and is denoted ∆Btree−level,total for k > kfs. For lower
wavenumbers the correction is smaller by up to two orders of magnitude. These results hold
for equilateral and flat triangular configurations. For the flat triangular configuration in the
squeezed limit, instead, we observe an enhancement by a factor of approximately two times
−16fνBtree,fν=0. This further enhancement by a factor of two is due to the fact that the
tree-level dark matter bispectrum experiences a cancellation in this configuration, which is
absent for the contribution due to neutrinos.
The main contribution to the enhancement, as discussed earlier, with respect to the tree-
level dark matter bispectrum stems from the modification of the Poisson equation at linear
level: the effect of the linear δdiff on the linear δdm is logarithmically enhanced in length
of time from matter-radiation equality until present time. The logarithmically enhanced
diagrams account for approximately 90% of the final result.
The further development of the analytic description of dark matter clustering opens up
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many novel research possibilities such as the computation of higher-order correlation functions
(i.e. the one-loop bispectrum including its counterterms). Since the upcoming cosmological
LSS surveys will potentially become accurate enough to measure the effect of massive neu-
trinos, it would be interesting to analyze the impact of massive neutrinos on observable
quantities, such as the lensing potential or redshift-space galaxy clustering.
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A Renormalization of Neutrino Correlation Functions
In a perturbative expansion with ρdm  1 and k  kNL, we can write for a two-point
correlation function [45]:
[δ(~x1, τ1) δ(~x2, τ2)]R = [δ(~x1, τ1)]R [δ(~x2, τ2)]R + [δ(~x1, τ1) δ(~x2, τ2)]C , (A.1)
and extend this to the case of a three-point correlation function, which is given by [45]:
[δ(~x1, τ1) δ(~x2, τ2)δ(~x3, τ3)]R (A.2)
= {[δ(~x1, τ1) δ(~x2, τ2)]R [δ(~x3, τ3)]R + permutations}+ [δ(~x1, τ1) δ(~x2, τ2) δ(~x3, τ3)]C ,
where we omitted for clarity the subscript for dark matter. For k  kNL the product of fields
can be redefined as a renormalized product [. . . ]R. The addition of suitable counterterms
[. . . ]C cancels the contributions from short-distance physics. The first term on the right hand
side of equation (A.2) represents the renormalized δ(~x, τ) coming from perturbation theory
which includes the counterterms from the stress tensor of the effective equations that describe
the long-wavelength dark matter dynamics. The term [. . . ]C stands for the counterterms that
renormalize the products of two density fields at the same location, which is given by:
[δ(~x1, τ1)δ(~x2, τ2)]C = (A.3)∫ Max(τ1,τ2)
dτ ′
[
C
(2)
1 (τ1, τ2, τ
′) + (2)stoch,1(τ1, τ2, xfl(~x1, τ1, τ
′), τ ′)
+ ∂i∂jΦ(xfl(~x1, τ, τ
′), τ ′)
(
C
(2)
2 (τ, τ
′)δij + C(2)3 (τ, τ
′)
∂i∂j
∂2
)
+
+ 
(2),ij
stoch,2(τ1, τ2, xfl(~x1, τ1, τ
′), τ ′)
∂i∂j
∂2
+ . . .
]
1
k3NL
δ
(3)
D
(
xfl(~x1, τ1, τ
′)− xfl(~x2, τ2, τ ′)
)
,
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The counterterms that renormalize the product of three density fields at the same location
are given by:
[δ(~x1, τ1) δ(~x2, τ2) δ(~x3, τ3)]C = (A.4)∫ Max(τ1,τ2,τ3)
dτ ′
[
C
(3)
1 (τ1, τ2, τ3, τ
′) + (3)stoch,1(τ1, τ2, τ3, xfl(~x1, τ1, τ
′), τ ′)
+
(
∂i∂jΦ(xfl(~x1, τ, τ
′), τ ′)
(
C
(3)
2 (τ, τ
′)δij + C(3)3 (τ, τ
′)
∂xi1
∂
xj1
∂2~x1
)
+ perm.
)
+ . . .
]
1
k6NL
· δ(3)D
(
xfl(~x1, τ1, τ
′)− xfl(~x2, τ2, τ ′2)
)
δ
(3)
D
(
xfl(~x1, τ1, τ
′)− xfl(~x3, τ3, τ ′)
)
,
with the terms hierarchically organized in an expansion of the smallness of the δ fields and
the ratio of the wavenumber of interest over the non-linear scale. The counterterms for the
products of fields in eq. (A.4) have support only when, first, the three fields are at the same
location, and, second, as the theory is non-local in time, when they have support on the past-
light cone of the resulting point [5, 16, 45]. The terms (3)stoch,1(τ1, τ2, τ3, xfl(~x1, τ1, τ
′), τ ′) and

(3)
stoch,1(τ1, τ2, τ3, xfl(~x1, τ1, τ
′), τ ′) represent a stochastic term with zero expectation value and
Poisson statistics. It accounts for the difference in a given realization between the expectation
value and the actual value. The tidal tensor field of gravity ∂i∂jΦ incorporates the effect of the
deformation of the fields. The term C(3)1 corrects for the expectation value of the correlation
function and the terms C(3)i (τ, τ
′) with i = 1, 2, 3 are the coefficients of the counterterms. In
particular, when computing higher order corrections it is important to understand the size
of the mistake. At tree-level no counterterms are required but when computing higher order
corrections such as the one-loop bispectrum, they will become crucial [23, 45, 46].
B Dark Matter Growth Factor in the Presence of Massive Neutrinos
We derive the logarithmic correction to the growth factor of dark matter in the presence of
massive neutrinos. Therefore, we take the linearized equations for a cosmic fluid:
∂tδ +
1
a
~∇ · ~v = 0 , (B.1)
∂t~v +
a˙
a
~v = −1
a
~∇φ , (B.2)
∇2φ = 4piGa2δρ . (B.3)
Solving them allows us to derive the time evolution of the density perturbations. Taking the
divergence of the Euler equation (B.2) and combining the result with the continuity equation
(B.1) and the Poisson equation (B.3), we obtain a second order partial differential equation for
the linearized equation for the growth of density perturbations δ(~x, t) in a pure dark matter
universe, given by:
δ¨dm + 2
a˙
a
δ˙dm = 4piGa
2δρ , (B.4)
where δρ = ρ¯δdm is the total density perturbation. Since we are trying to solve analytically
a second order partial differential equation, we already know two things about δ: first, the
density perturbation has two solutions δ(~x, t) = δ1(~x, t) + δ2(~x, t). Second, as the equation
only includes differentials in time, its time evolution must be independent of location ~x.
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Hence, we can separate the solution into a spatial, δi(~x), and a temporal, Di(t), part, given
by δi(~x, t) = Di(t)δi(~x) with i = 1, 2. The general solution is given by a superposition of the
temporal and spatial solution:
δ(~x, t) = D1(t)δ1(~x) +D2(t)δ2(~x) , (B.5)
where Di(t), with i = 1, 2, represents the time dependence of our solution. δi(~x), with
i = 1, 2, represents the corresponding spatial configuration of the cosmic primordial matter
distribution.
We are going to derive the logarithmically enhanced correction to the growth factor
by using a simple toy model. Assuming that the universe is filled with two non-relativistic
populations: one clustering, one non-clustering. In particular, consider a flat universe only
filled with non-relativistic matter; an Einstein-de Sitter (EdS) universe, with Ωm = 1, Hubble
parameter H(t) = H0 and a scale factor that behaves as a(t) ∝ t 23 . For the expansion rate
we get 32
(
a˙
a
)2
= 4piGa2ρ¯. Hence, for a˙a =
2
3t . Plugging these parameters for our toy model
into equation (B.4), yields:
δ¨dm +
4
3t
δ˙dm − 2
3t2
(1− fν)δdm = 0 , (B.6)
where we assume that a fraction fν of the dark matter does not cluster in the presence of
massive neutrinos. From figure 5, we know that for k < kfs the neutrino perturbations behave
as CDM perturbations at linear order and that they vanish for k > kfs. Therefore, equation
(B.6) represents the correct evolution of dark matter for wavenumbers higher than the free
streaming length, which is the regime we want to explore in this appendix. For the linearized
equation for the growth of density perturbations in an EdS universe we can assume a simple
power-law for the density perturbations δi(t) ∝ tα with i = 1, 2. Plugging this Ansatz into
equation (B.6), yields for the growing mode solution:
α =
1
6
(
5
√
1− 24
25
fν − 1
)
≈ 2
3
(
1− 3
5
fν
)
, (B.7)
with fν ' 10−2  1. Since density perturbations only start to grow after matter-radiation
equality, the correction to the evolution equations, as described by equation (B.6), starts at
aeq and endures until present time, giving rise to the following expression:
δ(a0)
δ(aeq)
=
a0
aeq
e
− 3
5
fν ln
(
a0
aeq
)
. (B.8)
Matter-radiation equality occurred at redshift aeq ≈ 3500 and gives a correction to the growth
factor of −35 ln(a0/aeq) ∼ 4 − 5. In the present paper we Taylor expand in fν and, hence,
obtain D(t) ∼ (a0/aeq)(1− 35fν ln(a0/aeq)). For our estimates we use ∼ −12 ln(a0/aeq) ∼ 4.
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